The kinetic energy term of Hamiltonian systems with balanced loss and gain is not semipositive-definite, leading to instabilities at the classical as well quantum level. It is shown that an additional Lorentz interaction in the Hamiltonian allows the kinetic energy term to be semi-positive-definite and thereby, improving the stability properties of the system. Further, a consistent quantum theory admitting bound states may be obtained on the real line instead of Stoke wedges on the complex plane. The Landau Hamiltonian in presence of balanced loss and gain is considered for elucidating the general result. The kinetic energy term is semi-positive-definite provided the magnitude of the applied external magnetic field is greater than the magnitude of the 'analogous magnetic field' due to the loss gain terms. It is shown that the classical particle moves on an elliptical orbit with a cyclotron frequency that is less than its value in absence of the loss-gain terms. The quantum system share the properties of the standard Landau Hamiltonian, but, with the modified cyclotron frequency. It is shown that the Hall current has non-vanishing components along the direction of the external uniform electric field and to its transverse direction.
Introduction
Hamiltonian systems with balanced loss and gain have received considerable interest [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] in the literature due to its potential applications in various branches of physics. One of the major drawbacks of such Hamiltonian systems is that the kinetic energy term is not positive-definite. Consequently, stable classical solutions are obtained for specific choices of the potentials and that too, within restricted ranges of parameters. Further, a consistent quantum theory for such systems admitting bound states requires extensions of the eigen-value problem to the complex domain. The normalizability of eigenfunctions is obtained in specific Stoke wedges. Although such an extension of quantum mechanics is consistent from the viewpoint of axiomatic foundation of the subject [11, 12] , no experimental support for such theories has been observed so far. A natural question one would like to pose at this juncture is whether or not a modification of Hamiltonian systems with balanced loss and gain is possible so that the kinetic energy term can be made semi-positive definite.
The purpose of this article is to show that the answer to the question posed above is in the affirmative and can be achieved by the inclusion of Lorentz interaction in the system. It may be noted in this regard that a vanishing trace of the matrix appearing in the quadratic form of momenta defining the kinetic energy term necessarily makes it non-positive-definite. All previous investigations on Hamiltonian systems with balanced loos and gain belong to this class [8, 9, 10] . It is shown that a non-vanishing trace of this matrix requires the inclusion of non-dissipative velocity-dependent forces in the system with asymmetric coupling between the gain and loss degrees of freedom. The Lorentz force belongs to this class and its inclusion in the system raises the possibility of making the kinetic energy term positive-definite for some ranges in the parameter space. It is worth emphasizing here that the Lorentz force appears in diverse areas of science and the working principle of many devices are based on it. Thus, inclusion of Lorentz force in the study of Hamiltonian system with balanced loss and gain is only natural and may open up new avenues for theoretical understanding of these systems with possible technological applications.
The generic formulation of Hamiltonian system with space-dependent balanced loss and gain is modified appropriately to include Lorentz force in the system. This has been done for arbitrary number of particles and also for generic space-dependence of the gain-loss co-efficients. It has been shown that the inclusion of Lorentz force implies that the balancing of loss and gain is not necessarily in a pair-wise fashion and it may be achieved in several ways. This should be contrasted with all previous investigations on Hamiltonian systems with balanced loss and gain, where balancing is necessarily achieved in a pair-wise fashion. This allows more flexibility in constructing and controlling Hamiltonian systems with balanced loss and gain.
It is shown on general ground that Hamiltonian systems with balanced loss-gain and in presence of Lorentz force may be interpreted as defined in the background of a metric subjected to an effective external magnetic field, whose magnitude depends on the applied magnetic field related to the Lorentz force and an analogous magnetic field due to the loss-gain terms. The background metric is either Euclidean or pseudo-Euclidean, depending on the region in the parameter space in which it is defined. The metric is Euclidean, if the magnitude of the applied magnetic field is greater than the magnitude of the analogous magnetic field and pseudo-euclidean, otherwise. The specific signature of the pseudo-euclidean metric is model dependent. For the case of zero applied magnetic field, the known result that the background metric is only pseudo-Euclidean is recovered.
The Landau Hamiltonian [13] appears in the description of various physical phenomena, including quantum Hall effect and spintronics based devices. The Landau Hamiltonian with balanced loss and gain is considered as an example to elucidate the general result. There are three regions in the parameter-space corresponding to an Euclidean, a pseudo-Euclidean and a negative-definite metric. It is shown that the system for the case of Euclidean metric admits periodic solution with the cyclotron frequency determined in terms of the effective magnetic-field, thereby, with a reduced value compared to the case of Landau Hamiltonian without the loss-gain terms. Further, the circular orbit of the particle is deformed to an ellipse due to the presence of the loss-gain terms. The Hamiltonian is bounded from below. There are no stable solutions for the case of pseudo-Euclidean metric. The solutions for the case of a negative-definite metric share the same feature as in the case of Euclidean metric. However, the Hamiltonian is not bounded from below for this case.
The canonical quantization scheme is followed to obtain quantum Landau Hamiltonian with balanced loss and gain terms. The parameter space is again divided into three regions as in the case of corresponding classical system. For the case of Euclidean metric, all known results of the standard Landau Hamiltonian are reproduced with a modified expression for the cyclotron frequency in terms of the effective magnetic field. For the case of pseudo-Euclidean metric, no bound states are possible either on the real lines or by extending the problem to complex domain. For the case of negative definite metric, the Hamiltonian is bounded from above. The eigenfunctions of the Hamiltonian in this region are also eigenfunctions of the Hamiltonian for the case of Euclidean metric. However, the energy eigenvalues of the Hamiltonians in these two regions differ by an overall multiplication factor of −1.
The Hall effect with balanced loss and gain is studied by including an external uniform electric field to the Landau Hamiltonian. It is shown that the Hall current has non-vanishing components along the direction of the applied electric field as well as to its transverse direction. The angle between the direction of the Hall current and that of the applied electric field depends on the gain-loss parameter. The result is valid at the classical as well as quantum level.
The plan of presentation of the results is the following. The formalism of the problem along with the general results are described in Sec. 2. The Hamiltonian formulation involves representation of some matrices which are presented in Sec. 2.1. The Sec. 2.2 contains discussions on an effective description of the system where loss-gain terms are absent and the system is subjected to an effective external magnetic field. The Landau Hamiltonian with balanced loss and gain is introduced in Sec. 3 with the results for the classical and the quantum systems in Sec. 3.1 and Sec. 3.2, respectively. The Hall effect in presence of balanced loss and gain is described in Sec. 3.3. Finally, the results are summarized in Sec. 4. The Appendix-A in Sec. 5 contains representation of matrices for which balancing of loss-gain terms are not necessarily in a pair-wise fashion.
Formalism & General result
A Hamiltonian formulation of many-particle systems with space-dependent balanced loss and gain is presented in Refs. [8, 10] . The Hamiltonian is written as,
where M is a N × N real symmetric matrix with X = (x 1 , x 2 , . . . x N ) T and Π = (π 1 , π 2 , . . . π N )
T are N coordinates and their conjugate momenta, respectively. The suffix T in O T denotes the transpose of a matrix O. The generalized momenta is defined by
where
T is N dimensional column matrix whose entries are functions of coordinates, P = (p 1 , p 2 , . . . , p N )
T and A is an N × N anti-symmetric matrix. The Lagrangian corresponding to the Hamiltonian H in Eq. (1) has the following form:
The analysis excludes constrained systems, systems with the dissipative term depending nonlinearly on the velocity and any other non-standard Hamiltonian formulations. The equations of motion derived from the Hamiltonian (1) with the generalized momenta Π defined by Eq. (2) has the following form:
where the anti-symmetric matrix R and ∂V ∂X are defined as follows:
A phase-space analysis of Eq. (4) shows that only the diagonal elements of the matrix D,
are relevant for determining whether or not the system is dissipative. Further, the symmetric and anti-symmetric nature of the matrices M and R, respectively, implies that T r(D) = 0. The vanishing trace of D is a signature of equally balanced loss and gain terms. In Refs. [8, 10] , it is shown on general ground that for any symmetric matrix D,
This implies that the eigenvalues of the 2m × 2m matrix M are (λ 1 , . . . , λ m , −λ 1 , . . . , −λ m ), while for odd-dimensional M an extra eigenvalue 1 is added to it. Thus, the matrix M is not semi-positive definite for a symmetric D. Stable classical solutions are possible for specific choices of the potentials and parameter ranges. However, except for one known case involving a quasi-exactly solvable model with anaharmonic interaction [10] , quantum bound states exist for such systems only if the eigenvalue problem is extended to complex domain. In particular, normalizable eigenfunctions for bound states are obtained in specific Stoke wedges on the complex plane. Although the complex extension of quantum mechanics is mathematically consistent, no experimental verification of this has been found so far. One of the motivations of this article is to present a model independent formulation of Hamiltonian system with balanced loss and gain so that the quantum problem is well-defined on the real line. The non-normalizability of eigenfunctions on the real line may be traced back to the non-positivity of M which is a consequence of a symmetric D through the relations in Eq. (7). Investigations [8, 10, 9] on Hamiltonian systems with balanced loss and gain have been so far restricted to a diagonal D which is a symmetric matrix. This is primarily because only the diagonal elements of D are relevant for determining whether a system is dissipative or conservative. Nevertheless, the off-diagonal elements of D give rise to a variety of interesting physical effects. For example, the equation of motion for a particle subjected to Lorentz force in appropriate units is given by,ẍ
3 ) are components of electric and magnetic fields. Eq. (8), when cast into the form of Eq. (4), leads to an anti-symmetric D with its elements
Further, when the equations governing synchronization of velocitycoupled systems are cast into the form (4), the matrix D contains diagonal as well as off-diagonal elements. For example, the non-vanishing diagonal as well as off-diagonal elements of D appear in the study of stochastic synchronization of oscillation in systems of velocity-coupled oscillators with individual chaotic dynamics [14] for which off-diagonal part of D is symmetric. Similarly, in the case of synchronization of velocity-coupled limit-cycle oscillators, the off-diagonal part of D is symmetric [15, 16] . The trace of D is non-vanishing for both the cases and the systems are dissipative. Similar velocity dependent coupling also arises in the description of partially ionized plasma [17] . Thus, the domain of applicability of Hamiltonian systems with balanced loss and gain may be enlarged by considering off-diagonal elements of D.
A symmetric D leads to negative eigenvalues of M. Although M may be chosen to be semi-positive definite for an anti-symmetric D, no gain and/or loss term can be incorporated in the system due to D ii = 0, ∀ i. Thus, the matrix D can neither be symmetric nor antisymmetric in order to describe a Hamiltonian system with balanced loss and gain such that the symmetric matrix M is semi-positive definite. In general, D may always be decomposed as the sum of a diagonal matrix D, a symmetric matrix with vanishing diagonal elements D O and an antisymmetric matrix D A :
It may be noted that
The elements of D are related to the loss/gain co-efficients, while elements of D A are related to the Lorentz interaction. The elements of D O give rise to coupling among different particles through their velocities, which is different from Lorentz interaction and appear in the study of many systems including synchronization of different types of oscillators [15, 16] and in the description of partially ionized plasma [17] . All three matrices correspond to interesting physical situations. It may be possible to describe a Hamiltonian system with balanced loss and gain so that M is positive definite, even if D O is taken to be a zero matrix. However, this is impossible if either D or D A is taken to be a zero matrix. One very important consequence of a non-vanishing D A is that balancing of gain/loss terms does not necessarily occur in a pair-wise fashion, unlike the previous cases [8, 9, 10] . The balancing of loss/gain terms are possibles in as many ways as the solutions of T r(D) = 0 can be realized. For example, N g particles may be subjected to gain with coefficients g i and N l particles may be be subjected to loss with coefficients l i , such that
The case of pair-wise balancing of loss/gain terms appears as a special case. Such a formulation allows more flexibility in constructing and controlling Hamiltonian systems with balanced loss and gain.
Representation of matrices
The matrix D can be decomposed as the product of a symmetric and an anti-symmetric matrix if it is similar to −D [18] . However, the representation of the matrices M, R and D satisfying Eq. (6) is not unique and various choices may be made depending on physical situations. It may be noted that a diagonal M necessarily leads to a D with all of its diagonal elements to be zero and can not describe a system with balanced loss and gain. On the other hand, a traceless M is not semi-positive definite. Thus, the necessary conditions for the choice of M is the following:
The sufficient condition for M to be positive-definite is to be checked separately. The product of any positive definite M with non-vanishing off-diagonal elements and an anti-symmetric matrix R will determine the matrix D. The matrix D can always be decomposed as in Eq. (9):
A few representations of the matrices are presented in Appendix-A for arbitrary N , where the balancing of loss-gain terms does not necessarily occurs in a pair-wise fashion. If the off-diagonal elements of D are to be related to contributions coming from Lorentz interaction only, then D O must be taken to be zero and D is decomposed as,
A particular representation of Eqs. (6) and (11) for N = 2m with pair-wise balancing of loss/gain terms is considered here to show that M can indeed be chosen to be positive definite. The matrix M is chosen as,
where M is a traceless 2m × 2m symmetric matrix, I 2m is the 2m × 2m identity matrix and α is a real parameter. Note that both M and M are simultaneously diagonalizable. Substituting M in Eq. (6), the decomposition of D as in Eq. (9) is obtained with the identification,
The first equation of Eq. (13) involving symmetric matrices M, D and anti-symmetric matrix R implies that they anti-commute with each other. Thus, the eigenvalues of M are α 2 ± λ i , i = 1, . . . m. The condition for semi-positive definite M is, α 2 ≥ max i λ i . Matrix representation of the first equation of Eq. (13) is suffice to completely specify the representation of M, D and R. A few representations of the equation D = M R have been discussed in Ref. [8] for systems with constant balanced loss-gain terms. For the case of space-dependent balanced loss-gain terms with F i ≡ F i (x 2i−1 , x 2i ), a particular representation of the matrices is presented in Ref. [10] , which is reproduced below for further discussions:
where σ x , σ y , σ z are Pauli matrices and I m is m × m identity matrix. The m functions Q i appearing in the m × m diagonal matrix χ m is determined as,
It may be noted that the matrix J has a block-diagonal form for the choices of
and R may be determined from the first two equations of Eq. (5) by using the expressions of A and J:
are m numbers of m × m matrices. The eigenvalues of M are ±1. Thus, M is positive-definite for α 2 > 1. This completely specifies the representation of M, R and D. This representation for even number of particles can be generalized [8] to N = 2m + 1 such that the dynamics of x 2m+1 does not contain any gain/loss term and interacts with all other particles through the interaction potential. This can be achieved by adding an extra column and a row to M, R, D with all vanishing elements except for M 2m+1,2m+1 . The case of constant balanced loss and gain may be reproduced [8] for F 2i−1 = x 2i−1 and F 2i = x 2i .
The representation specified by Eqs. (14, 15, 16) determines D with D O being a null matrix. However, the same representations with a modified M,
may be used to get the following expression of
The eigenvalues of M are α 2 ± β 2 1 + β 2 2 with multiplicity m for each eigenvalue. The matrix M is positive definite for α 2 > β 2 1 + β 2 2 .
Hiding the loss-gain terms
It is known [8, 9, 10] that Hamiltonian systems with balanced loss-gain and without any external magnetic field can always be interpreted as defined in the background of a pseudo-Euclidean metric and subjected to external 'analogous magnetic field' having the same spatial form as the gain-loss co-efficient. The equations of motion in the new co-ordinate system do not contain any gain-loss terms. A similar investigation for the case of a realistic external magnetic field is performed in this section. The matrix M being a real symmetric matrix, it can be diagonalized by an orthogonal matrixÔ, i.e. M d =Ô T MÔ. The matrix M d and two other matrices S and η a are defined as follows:
where λ i 's are the eigenvalues of the matrix M and ǫ i 's take value of 1 or −1. It may be noted that ǫ i 's keep track of whether a particular eigenvalue λ i is positive or negative. The parameter space of the system can be divided into at most N + 1 regions depending on the number of positive eigenvalues of the matrix M. For example, the region with N positive eigenvalues may be denoted as Region-I, the region with N − 1 positive eigenvalues may be denoted as Region-II and so on with the region with no positive eigenvalues is denoted as Region-(N + 1). The superscript of η a labels each region and for a fixed 'a ′ , η a is valid in that particular region only. For example, η I = I N in Region-I, while η N +1 = −I N in Region-(N + 1). The matrix η a is to be interpreted as the background metric for an effective description of the system defined by the Hamiltonian H and equations of motion following from it in Eqs. (1,4) .
A new co-ordinate system [8] is defined as follows:
where X ≡ (X 1 , X 2 , . . . , X N ) T and P ≡ (P 1 , P 2 , . . . , P N ) T . The matrix S along with its inverse S −1 is used to generate canonical scale transformation for the rotated co-ordinatesX ≡Ô T X and the rotated momentaP ≡Ô T P , whereX ≡ (X 1 ,X 2 , . . .X N ) T andP ≡ (P 1 ,P 2 , . . .P N ) T . The matrices M, R and D are transformed as follows:
which are obtained by simply using the rules of matrix multiplication. It may be noted that R is anti-symmetric, since R T = −R. The first and the third equations in Eq. (21) are different in different regions, while the second equation has the same expression in all the regions. It may be noted that S −1 and S are not generating any similarity transformation forÔ T MO and O T RÔ, respectively. Consequently, eigenvalues of M and R are modified. However, OS indeed generates a similarity transformation for D and the eigenvalues of D remain unchanged.
The generalized momenta Π transforms like P and denoted asΠ in the new co-ordinates:
which may be obtained by using the canonical transformation in Eq. (20). The Hamiltonian and the equations of motion resulting from it in different regions have the forms:
The matrix η a R is anti-symmetric in both the regions Region-I and Region-(N + 1). Thus, in the effective description, there is neither any loss-gain terms nor any velocity dependent nonLorentzian interaction in these two regions. The applied magnetic field is modified to an effective magnetic field whose components are related to the elements of the η a R. In Region-II to Region-N , the diagonal elements of the matrix η a R vanish implying that there are no loss-gain terms in the effective description. In general, η a R is neither symmetric nor anti-symmetric in Region-II to Region-N . However, with specific representations of M and R, η a R may be made to be symmetric or anti-symmetric.
Landau Hamiltonian with balanced loss and gain
It has been shown that that an external magnetic field allows the matrix M to be positive-definite and thereby, raising the possibility of improved stability properties of the system. A system subjected to (non-)uniform magnetic field appears in many areas of physics. The examples include Zeeman effect, Cyclotron, Hall effect, spintronics, neutron stars, plasma, etc. Thus, it is pertinent to consider systems where magnetic field is essentially required to describe a physical phenomenon and generalize them by including balanced loss-gain terms. The celebrated Landau Hamiltonian with balanced loss-gain is considered in this section at the classical as well quantum level.
Classical system
A two dimensional system with uniform balanced loss-gain terms is considered. Thus, the functions F i are chosen as F i = x i and N = 2. The condition of constant loss-gain terms imposed by the choice of F i also implies that the matrix J is an identity matrix and hence, A = 1 2 R. The representation of the matrices M, R, D may be considered as follows:
Decomposing D as in Eq. (9), it is apparent from Eq. (4) that the particle is subjected to a uniform magnetic field B along the perpendicular to the 'x 1 −x 2 '-plane. A change in the direction of the magnetic field is accomplished by taking B → −B. The vanishing field B = 0 corresponds to T race(M) = 0 and M is not positive-definite. Apart from the Lorentz interaction 1 , a velocity mediated coupling between the two degrees of freedom with the strength C is also present in the system. The discussions in this article will be based on generic B and C. The case of pure Lorentz interaction may be discussed by employing the limit C = 0. The particle is subjected to balanced loss and gain with the strength γ. The eigenvalues of the matrix M are,
The matrix M becomes singular for B = ±△ and these two conditions determine the boundaries of three different regions in the parameter space of B and △:
• Region-I ( B > △ ): The matrix M is positive-definite. This condition for the case of pure Lorentz interaction(i.e. C = 0) implies that the magnitude of the external magnetic field must be greater than the magnitude of the gain/loss co-efficient γ. It appears that a positive-definite M has not been considered earlier in the literature. Thus, this region is of special interest for the present article. The diagonal matrix η I = I 2 .
• Region-II ( −△ < B < △): One of the eigenvalues λ − is negative, while λ + is positive. All previous studies [2, 8, 9 , 10] on Hamiltonian systems with balanced loss/gain dealt with the case λ + = −λ − , which is contained in the present case for B = 0. However, for B = 0, λ + and −λ − are different. It is expected that for B = 0 there may exist sub-regions within this region in which the classical system admits periodic solution and the corresponding quantum theory admits well defined bound states in specific Stoke wedges as in the case for B = 0. The diagonal matrix η II = σ z
• Region-III ( B < −△): Both the eigenvalues λ ± are negative and it appears that such a situation has not been considered earlier in the investigations on Hamiltonian system with balanced loss/gain. The Hamiltonian is not bounded from below, but, bounded from above. An inclusion of an appropriate potential V in the system may allow the Hamiltonian to be bounded from below, thereby, raising the possibility of classical as well as quantum bound states. The diagonal matrix η III = −I 2 .
The orthogonal matrixÔ that diagonalizes M d =Ô T MÔ has the form:
The matrix M is diagonal for γ = 0 for whichÔ is not defined. The diagonal matrix S has the non-vanishing elements, is not defined at the two boundaries (B = ±△) of the three regions and within each region for γ = 0 and C = 0. Thus, the limit γ = 0 is singular for C = 0. The results for standard Landau Hamiltonian can be reproduced from the results in the transformed co-ordinates (X 1 , X 2 ) by taking C = 0 and then imposing the limit γ → 0. The angle θ = π 4 for C = 0, γ = 0, which corresponds to velocity-dependent force due to Lorentz interaction only.
The generalizedΠ in the new co-ordinates has the form:
The Hamiltonian and the equations of motion in this new co-ordinate system have the following expressions:
It may be noted that there are no gain-loss terms in this new co-ordinate system, since the diagonal elements of η a R are zero. The absence of the gain-loss terms is compensated by the appearance of an effective magnetic field with its magnitude receiving contributions from the realistic external magnetic field and an analogous magnetic field. The components of the vector
T are two constants of motion of the system:
It may be noted that two independent constants of motion may be chosen for the system, depending on the physical requirements, by taking appropriate combinations of C a 1 and C a 2 . The reason for the particular choice of C a is that it may be identified as the center of the cyclotron motion for η a = I 2 . Two complex parameters ξ 1 , ξ 2 along with their polar decompositions are introduced as follows,
which will be used for presenting the results in terms of the original co-ordinates (x 1 , x 2 ) in a compact form. It may be recalled that C = 0 corresponds to the situation with Lorentz interaction only for which θ = π 4 and ξ 1 = −ξ * 2 . The nature of the solutions in three different regions are different and is described below separately. It is worth emphasizing here that no solutions at the two boundaries B = ±△ separating the three regions are presented. It may be noted at this point that the Hamiltonian formulation of balanced loss-gain system is based on the assumption of a non-singular M, which is violated at these two boundaries. Thus, the discussions on solutions at the boundaries are beyond the purview of this article.
Region-I
The solutions may be written as,
The quantity |Z| |ω| is related to the cyclotron radius in the transformed co-ordinate (X 1 , X 2 ). The Hamiltonian H in Region-I describes a system with balanced loss and gain for which its kinetic energy term is semi-positive definite. The system is interpreted as that of a particle moving on an Euclidean plane and subjected to an effective external magnetic field |ω|, which is less than the applied magnetic field B. The role of the external magnetic field with a lower bound on its magnitude B > △ is essential to achieve this. The effect of the inclusion of balanced loss-gain to the Landau Hamiltonian is to have a reduced value of the cyclotron frequency | ω | compared to its original magnitude B. The co-ordinate transformation induces a similarity transformation on the matrix D, keeping its purely imaginary eigenvalues ±iω unchanged, the modulus of which determines the cyclotron frequency. Thus, the motion described in either of the co-ordinate systems has the same cyclotron frequency. However, the trajectories of the particle are circle in the co-ordinates (X 1 , X 2 ), while it is ellipse in the co-ordinates (x 1 , x 2 ). The unequal scaling of the two co-ordinates (x 1 , x 2 ) allows the elliptic orbits to be viewed as circular orbits in the co-ordinate system (X 1 , X 2 ). In general, for C = 0, γ = 0, the reduced value of the cyclotron frequency and an elliptic orbit is due to the effect of both the gain-loss coefficient γ and the velocity mediated coupling C. However, this result is valid even if only Lorentz interaction is considered and the velocity mediated coupling C = 0. In particular, in the limit of pure Lorentz interaction(C = 0), the co-efficient of the time-varying part for the two solutions are identical, since |ξ 1 | = |ξ 2 | for θ = π 4 . However, the phases φ 1 and φ 2 are different.
Region-II
The kinetic energy term is not semi-positive definite. The Hamiltonian may be interpreted as that of a particle moving in the background of a pseudo-Euclidean metric that is subjected to an effective external magnetic field |ω|. The magnitude of the external magnetic field is less than the magnitude of the analogous magnetic field. The known results for generic Hamiltonian of this form [8, 9, 10] for B = C = 0 appears as a special case in this region with an 'analogous magnetic field' having the magnitude γ. For B = 0, C = 0, the same interpretation is valid with the magnitude of the 'analogous magnetic field' being △. However, the description changes for B = 0 for which the effective magnetic field receives contribution from both the applied as well as analogous magnetic field. The Hamiltonian H II does not admit any periodic solution, as is evident from Eq. (??). The solutions diverge in the limit of large t. The Hamiltonian for B = 0, C = 0 may admit periodic solutions if an appropriate non-vanishing V is added to the system.
Region-III
The solutions are,
The kinetic energy term is negative-definite and consequently, H III is bounded from above. It seems that such a region has never been encountered and explored previously within the context of Hamiltonian system with balanced loss and gain. The system governed by the Hamiltonian −H III = H I may be interpreted as that of a particle in the background of a Euclidean metric that is subjected to an effective external magnetic field |ω|. The second order decoupled equations of motion resulting from H I and H III are identical, since they differ by an overall multiplication factor of −1. However, the first order equations in these two regions are not identical. This is manifested in the fact that the time-dependent part of x 2 in Eqs. (31) and (33) A comment is in order before the end of this section. The solutions for C = 0, γ → 0 can not be obtained from Eq. (31,??,??), since the limit is singular. However, the solutions of Eq. (4) with D given by Eq. (24) and V = 0 may be obtained directly with a smooth limit γ → 0 to the solutions of system with C = 0. In particular,
where the integration constant A = |A|e iφ1 and the phase φ 2 has the expression:
The center of the cyclotron motion is chosen to be at the origin by taking the remaining two integration constants equal to zero. The motion of the particle is confined along along x 1 for B = C and x 2 diverges is for B = −C. Both of these cases B = ±C belong to Region-II, in which the solutions are diverging. The phases φ 1 and φ 2 become identical in the limit of vanishing gain and loss terms, i.e. γ = 0. However, the amplitudes for the periodic solutions of x 1 and x 2 are different, leading to elliptical orbits. The solutions of the standard Landau Hamiltonian with circular orbits is recovered with a further choice of C = 0. It may be noted that the limit C → 0, γ → 0 is also well-defined and independent of the order in which the limit has been taken.
Quantum system
The canonical quantization scheme is followed with = 1 and the classical variables are treated as operators satisfying the relations:
The canonical co-ordinate transformations (20) and Eq. (36) lead to the Heisenberg algebra in the new co-ordinate system:
The generalized momentaΠ and commutation relation between its two components read,
It is known [9, 10] for B = 0 = C that balanced loss-gain systems can be formulated in terms of either Landau or symmetric gauge for the gauge potential giving rise to analogous magnetic field. The same can be generalized 2 for B = 0 by taking the gauge potentials leading to real and analogous fields in the same gauge. Both the gauge potentials in Eq. (38) are taken in the symmetric gauge.
The eigenstates φ(x 1 , x 2 ) in the old co-ordinate system are related to the eigenstates ψ(X 1 , X 2 ) in the new co-ordinate system via an unitary transformation generated by the canonical coordinate transformations. In particular,
The operator J 3 is the generator of rotation around an axis perpendicular to the X 1 − X 2 -plane. The operatorŜ generates scaling for X 1 by an amount λ + . Similarly, it generates scaling for P 1 by an amount λ + and for P 2 by an amount λ − . The expectation value of an operator may be calculated either in terms of ψ and φ, since they are related through an unitary transformation. It should be noted that the unitary transformation is allowed even for non-vanishing potential, i.e. V = 0 and without any pre-specified symmetry on it. In particular, neither J 3 norŜ is a symmetry of the system. Thus, an exactly solvable model in any of the two co-ordinate systems is also exactly solvable in the other co-ordinate system with seemingly different potentials.
Region-I
The matrix η a = I 2 and H reduces to the Landau Hamiltonian in the symmetric gauge. The eigen-value problem of the Landau Hamiltonian is well known [13] . In particular, an operator a and its adjoint a † are defined as,
where the commutation relation between them allows to identify these two operators as annihilation and creation operators, respectively. The Hamiltonian and the eigenvalues can be expressed as,
unitary transformation [9] . In particular, a translational invariant Hamiltonian H L1 along the x 2 direction may be obtained as,
Similarly, a translational invariant Hamiltonian along the X 1 direction may also be obtained.
The method of separation of variables may be used to cast the eigen-value problem solely in terms of X 1 , P 1 . In particular,
The original eigenvalue-problem reduces to that of a particle moving in an inverted oscillator potential with shifted origin. There are no bound states.
Region-III
The Hamiltonian H III = −H I is negative definite and bounded from above. Thus, the eigenvalue problem for −H III and H I are identical.
Hall Effect
The discussions so far have been confined to Landau Hamiltonian with a vanishing potential V . A description of the Hall effect requires an external uniform electric field. The potential V is chosen as,
The coupling of the velocity dependent non-Lorentzian interaction C is taken to be zero for simplicity. The matrix M is singular for B = ±γ and the Hamiltonian formulation is based on the assumption of non-singular M. Thus, the condition B = ±γ should be imposed in order to make it consistent with the Hamiltonian formulation. The Eq. (4) for this choice of V and C has the expression,ẍ
where the representation of M and D are given by Eq. (24). Eq. (50) describes Hall effect with balanced loss and gain, where E is the magnitude of the external electric field along positive x 1 -direction. A transformation E → −E allows to flip the direction of the electric field to the negative x 1 -direction. The analysis of the system is presented in Region-I only.
The equations of motion in the transformed co-ordinate system have the form,
implying that the effective electric field E = E 1X1 + E 2X2 has non-vanishing components along both the directions. The Hall current is in the transverse direction to the external electric field E. However, the inverse transformation from (X 1 , X 2 ) to (x 1 , x 2 ) involves unequal scaling of the co-ordinates followed by a rotation, resulting in a Hall current along a direction making an angle
) with the direction of the external electric field E = |E|x 1 . In particular, the solutions of Eq. (50) are,
It is interesting to note that the direction of the Hall current is not perpendicular to the direction of the applied electric field in presence of balanced loss and gain. Further, the angle between the direction of the Hall current and that of the external electric field depends on the ratio of the applied external magnetic field and the loss-gain parameter. It is known that similar behaviour for the Hall current is observed in plasma when the Hall parameter is very high. The quantum Hamiltonian in presence of the external electric field is not rotationally invariant:
A rotation on the (X 1 − X 2 )-plane by an angle θ 1 = −tan −1 ( E2 E1 ), followed by unitary transformations cast the Hamiltonian H as that of a one dimensional harmonic oscillator with shifted origin:
The rotation keeps theΠ TΠ term invariant, while mixing the components of E such that it has non-vanishing components only along X 1 in the rotated co-ordinate. The operator G transforms H in rotational invariant gauge to H in Landau gauge with translational invariance along X 2 direction. The wave-function ψ 0 is used to decouple the kinetic energy part involving P 2 . The energy eigenvalues are
while the eigenfunctions are that of one dimensional harmonic oscillator in terms of the shifted co-
2 . The probability current J and the velocity U are related through the relation J = ρ U, where ρ is the probability density. Both J and U have nonvanishing components only along X 2 direction, i.e. the transverse direction to the direction of applied electric field. However, when expressed in terms of the original co-ordinates (x 1 , x 2 ), the probability current has non-vanishing components along the directions of both x 1 and x 2 , i. e. the direction of the external electric field and its transverse direction, respectively.
Discussions
It has been shown that the kinetic energy term for the Hamiltonian systems with balanced loss and gain may be made to be positive-definite by including a Lorentz interaction in the system. The result is quite general and applicable to a large class of systems with space-dependent lossgain terms. A few representations of the matrices appearing in the definition of the Hamiltonian is given with the identification of the regions in the parameter space of the theory in which the kinetic energy term is positive-definite. The presence of Lorentz interaction allows the balancing of loss-gain terms to occur in as many ways as the solutions of T r(D) = 0 can be realized. The pair-wise balancing of loss-gain terms, which is a necessity in absence of the Lorentz interaction, appears as a special case in the present situation.
One important aspect of the present formulation is that the Hamiltonian system with balanced loss and gain may be interpreted as defined in the background of a metric without any loss-gain terms. The absence of loss-gain terms is manifested in modifying the magnitude of the external magnetic field due to the Lorentz force. The background metric in this effective description is Euclidean provided the magnitude of the effective magnetic field is less than the magnitude of the applied magnetic field and the metric is pseudo-Euclidean, otherwise. The specific signature of the pseudo-Euclidean metric depends on the form of the Hamiltonian defining the system.
The classical and the quantum Landau Hamiltonian with balanced loss and gain have been studied in some detail. There are three regions in the parameter space depending on the nature of the background metric in the effective description of the system. The classical equations of motion are solved exactly in all three regions with periodic solutions in Region-I and Region-III, which correspond to positive-definite and negative-definite background metric. In these two regions, the particle moves in an elliptic orbit with a cyclotron frequency that is less than its value in absence of loss-gain terms. There are no periodic solutions in Region-II corresponding to a background pseudo-Euclidean metric. The quantum bound states are obtained in Region-I and Region-III, consistent with the classical description. The results of Landau Hamiltonian are valid even in presence of balanced loss and gain with a reduced value of the cyclotron frequency in these two regions. The Region-II does not admit any bound state.
The Hall effect with balanced loss and gain has been studied by including an external uniform electric field to the Landau Hamiltonian. One very interesting result for this case is that the Hall current is not necessarily in the perpendicular direction to the applied external electric field. The Hall current has non-vanishing components along the direction of the external electric field as well as to its transverse direction. This result is valid at the classical as well as quantum level. Similar results are known to exist in plasma in case the Hall parameter, the ratio between electron cyclotron frequency and the electron-heavy-particle collision frequency, is high. For the case of balanced loss-gain system, the Hall angle depends on the ratio of the external magnetic field and the gain-loss parameter. Any possible connection between these two systems is worth exploring in future. 
Representation-I
The N × N symmetric matrix M is given by, M = p I N + q T, [T ] ij = δ i+1,j + δ i,j+1 , p, q ∈ ℜ.
(56)
The matrix M has the eigenvalues, λ k = p + 2q cos( kπ N + 1 ), k = 1, 2, . . . , N,
and is positive-definite for p > 2|q|. The matrixÔ that diagonalizes M has the expression,
For a generic choice of the matrix J and the anti-symmetric matrix A, R is an antisymmetric matrix, R T = −R. The matrix D has the following expression: T X corresponds to a chain of linear oscillators with nearest-neighbour interaction and balanced lossgain that is subjected to velocity mediated coupling among different degrees of freedom.
Representations-II
The N × N symmetric matrix M with its elements [M] ij given by,
has eigenvalues p − q with multiplicity N − 1 and p + (N − 1)q. The matrix is positive-definite provided,
For a generic antisymmetric matrix R, the matrix D has the expression:
The balancing of gain-loss terms does not necessarily occur in a pair-wise fashion for this particular representation.
